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Abstract In this work, we briefly talk about the incorrect
convergence order presented in the paper Khan et al. (Appl.
Math. Lett. 25:2262–2266, 2012). Accordingly, we first
show that their convergence theorem includes major errors,
and it is attempted to provide the correct error equation of
their method having fifth-order not eighth-order conver-
gence. Finally, to support our assertion, some numerical
examples are tested.
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Convergence analysis
Khan et al. [1], proposed the following three-step iterative
method
ym ¼ xm  f ðxmÞ
f 0ðxmÞ ;





xmþ1 ¼ zm  lkþ mq2m
f ðzmÞ






H ¼ f ðxmÞ  f ðymÞ
xm  ym ;
K ¼ f ðymÞ  f ðzmÞ
ym  zm ;
D ¼ f
0ðxmÞ  H




C ¼ H  Kðxm  ymÞðxm  zmÞ  D ðxm þ ym  2zmÞ;
qm ¼ f ðzmÞ
f ðxmÞ ; ð2Þ
8>>>>>>>>>><
>>>>>>>>>:
and k; l; m 2 R and GðtÞ represent a real-value function.
Khan et al. assert that if the conditions of the following
theorem hold, then the iterative method (1.1) has conver-
gence order eight (see Theorem in Section 4 in [1]).
However, we prove that this is not true and prove that its
convergence order is five.
Theorem 1.0.1 Let f : D  R ! R have a single root
x 2 D, for an open interval D. If the initial point x0 is
sufficiently close to x, then the sequence fxmg generated
by any method of the family (1.1) converges to x. If G is
any function with M0 ¼ Gð0Þ ¼ 1, M1 ¼ G0ð0Þ ¼ 2, M2 ¼
G00ð0Þ\1 and k ¼ l 6¼ 0, then the methods defined by
(1.1) have convergence order of at least 5.
Proof For the sake of simplicity, we drop the iterative
index m. Let e ¼ x  x, and ck ¼ f
ðkÞðxÞ
k!f 0ðxÞ ; k ¼ 0; 1; 2; . . ..
Since f ðxÞ ¼ 0 6¼ f 0ðxÞ, we can write











This research was supported by Islamic Azad University, Takestan
Branch.
S. Taher-Khani (&)
Department of Applied Mathematics, Takestan Branch,
Islamic Azad University, Takestan, Iran
e-mail: taherkhani.shima@yahoo.com
123
Math Sci (2014) 8:123
DOI 10.1007/s40096-014-0123-8
Let ey ¼ y  x. Then,
ey ¼ e  f ðxÞ
f 0ðxÞ
¼ c2e2 þ 2c3  2c22
 
e3 þ 4c32  7c3c2 þ 3c4
 
e4





t ¼ f ðyÞ








þ 20c42 þ 37c3c22  14c4c2  8c23
 
e4





Now, define the weight function GðtÞ by
GðtÞ ¼ M0 þ M1t þ M2t2: ð7Þ
Then,
ez ¼ z  x ¼ ey  GðtÞ f ðyÞ
f 0ðxÞ  c2 M0  1ð Þð Þe
2
þ c22 4M0  M1  2ð Þ  2c3 M0  1ð Þ
 
e3












2 64M0 þ 38M1  3M2 þ 20ð Þ
þ 2c4c2 10M0  3M1  5ð Þ þ 2c23 6M0  2M1  3ð Þ
þ c42 38M0  33M1 þ 5M2  8ð Þ

e5 þ Oðe6Þ: ð8Þ









e4 þ c42 5M2  36ð Þ

þ c3c22 32  3M2ð Þ  2c4c2  2c23

e5 þ Oðe6Þ: ð9Þ
Now, assume that H; K D, and C are given by (1.2). Also,
let q ¼ f ðzÞ
f ðxÞ and k ¼ l 6¼ 0. Consequently, the final error
equation, i.e., e^, for the method (1.1) is obtained as follows
e^ ¼ ez  lkþ mq2
f ðzÞ
K  Cðy  zÞ  Dðy  zÞ2
¼ 1
2




which completes the proof. h
Numerical performances
This section concerns with numerical results of the pro-
posed methods (1.1). We take the derived method from it
by considering k ¼ l ¼ 1 and GðtÞ ¼ 1
12tþxt2, where
x 2 R. This is the Method 1 in [1] (see Equations 21 and
22 in Section 5 there.)
ym ¼ xm f ðxmÞ
f 0ðxmÞ ;
zm ¼ ym f
2ðxmÞ
f 2ðxmÞ2f ðxmÞf ðymÞþxf 2ðymÞ
f ðymÞ
f 0ðxmÞ ;
xmþ1 ¼ zm 1
1þ mq2m
f ðzmÞ





H ¼ f ðxmÞ  f ðymÞ
xm  ym ;
K ¼ f ðymÞ  f ðzmÞ
ym  zm ;
D ¼ f
0ðxmÞ  H




C ¼ H  Kðxm  ymÞðxm  zmÞ  D ðxm þ ym  2zmÞ;
qm ¼ f ðzmÞ
f ðxmÞ : ð12Þ
8>>>>>>>>><
>>>>>>>>>:
Numerical results have been carried out using Mathematica
9 with 200 digits of precision. aðbÞ means a  10b. In
each table, COC stands for computational order of con-
vergence (see [1]) which is given by
rho  lnðjxmþ1  xmj jxm  xm1j
1Þ
lnðjxm  xm1j jxm1  xm2j1Þ
:
Among many test problems, the following four examples
are considered
f1ðxÞ ¼ x2  9; x ¼ 3; x0 ¼ 2:6




ðx  kÞ; x ¼ 5; x0 ¼ 5:3:
Table 1 Numerical results for m ¼ 0 ¼ x
Functions jx1  xj jx2  xj jx3  xj COC
f1ðxÞ 0.2606 (5) 0.1547 (31) 0.1141 (162) 5.00
f2ðxÞ 0.60034 (3) 0.3359 (14) 0.1855 (70) 4.99
f3ðxÞ 0.4018 (2) 0.2348 (12) 0.1509 (63) 5.00
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To sum up, it can be concluded the that the method (1.1)
has fifth-order convergence. Therefore, authors’ claim is
not true that they have presented a family of iterative
methods for solving nonlinear equations with eighth-order
convergence.
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